Multilinear singular and fractional integral 
operators on weighted Morrey spaces 

Hua Wang 
Department of Mathematics, 
Zhejiang University, Hangzhou 310027, P. R. China 
E-mail address: wanghua@pku.edu.cn. 

Wentan Yi 
Department of Applied Mathematics, 
Zhengzhou Information Science and Technology Institute, 
Zhengzhou 450002, P. R. China 
E-mail address: nlwt89@sina.com. 

Abstract 

In this paper, we will study the boundedness properties of multilin- 
ear Calderon-Zygmund operators and multilinear fractional integrals on 
products of weighted Morrey spaces with multiple weights. 
MSC(2010): 42B20; 42B35 

Keywords: Multilinear Calderon-Zygmund operators; multilinear frac- 
tional integrals; weighted Morrey spaces; multiple weights 

1 Introduction and main results 

Multinear Calderon-Zygmund theory is a natural generalization of the linear 
case. The initial work on the class of multilinear Calderon-Zygmund operators 
was done by Coifman and Meyer in [4] , and was later systematically studied by 
Grafakos and Torres in fT^l - fTl] . Let R™ be the n-dimensional Euclidean space 
and (R")™ 1 = R™ x ■ • • x R n be the m-fold product space (m e N). We denote by 
^(R™) the space of all Schwartz functions on R n and by ^"(W 1 ) its dual space, 
the set of all tempered distributions on R™. Let m > 2 and T be an m-linear 
operator initially defined on the m-fold product of Schwartz spaces and taking 
values into the space of tempered distributions, 

T : y(R n ) x • • • x J^(R") -> .y'{W l ). 

Following [TJ], for given / — (/i , . . . , /f7i)j w ^ say that T is an vn- linear Calderon- 
Zygmund operator if for some qi, . . . ,q m € [1, oo) and q E (0, oo) with 1/q = 
Y^k=i h extends to a bounded multilinear operator from L qi (W l ) x • • • x 



f 



L qm (M. n ) into L q (M. n ), and if there exists a kernel function K(x,yi, . . . ,y m ) in 
the class m-CZK(A, e), defined away from the diagonal x = y% = ■ ■ ■ = y m in 
(Jfr) m+1 such that 



T (f)( x ) = T (fiT--Jm)(x) = / K(x,y!, . . . ,y m )fi(yi) ■ ■ ■ f m (y m ) dyi ■ ■ ■ dy m , 

J (»«)"• 

(1.1) 

whenever fi,.-.,f m £ ^(R") and x ^ njJLj supp We say that if (a;, yi, . . . , y m ) 
is a kernel in the class m-CZK(A, e), if it satisfies the size condition 

yi ' • ■ • ' " (\ X - yi \ + - A + \ X -y m \)-> 

for some A > and all (x, yi, . . . , y m ) S (R") m+1 with x ^ y k for some 1 < /c < 
m. Moreover, for some e > 0, it satisfies the regularity condition that 

A - |x-x'| e 



if (a;, yi,..., y m ) - K(x',yi, . . . ,y m )\ < 



\x-yi\-\ h \x -y v 



\mn J r e 



whenever \x — x'\ < |maxi<Km \x — y k \, and also that for each fixed k with 
1 < k < m, 

\K(x,y 1 ,...,y k ,...,y m )-K(x,y 1 ,...,y' k ,...,y m )\ < 1 ' ' // ' 



{\x - yi\ + ■ ■ ■ + \x - y m \) mn +z 

whenever \y k — y'f.\ < \ max i<i<m \x — yi\. In recent years, many authors have 
been interested in studying the boundedness of these operators on function 
spaces, see e.g. [TTllT5ll22~l[2"3] . In 2009, the weighted strong and weak type esti- 
mates of multilinear Calderon-Zygmund singular integral operators were estab- 
lished in [21j by Lerner et al. New more refined multilinear maximal function 
was defined and used in [21] to characterize the class of multiple Ap weights. 

Theorem A (|21J. Let m > 2 and T be an m-linear Calderon-Zygmund op- 
erator. Ifpi,...,p m £ (l,oo) and p £ (0, oo) with l/p = ^. =1 1/pk, and 
w = (w±, . . . , w m ) satisfy the Ap condition, then there exists a constant C > 
independent of f = (/i, . . . , f m ) such that 



II^CiO II - C X\_ lU'lL".^)' 

i=l 

where = n*Li w \ ■ 

Theorem B ( 21 ). Let m > 2 and T be an m-linear Calderon-Zygmund 
operator. Ifpi,...,p m £ [l,oo), min{pi, . . . ,p m } = 1 and p £ (0, oo) with 
l/p = ^2f.—i 1/Pk, and w = (wi, . . . ,w m ) satisfy the Ap condition, then there 
exists a constant C > independent of f = (/i, . . . , f m ) such that 



\T(f)\\wLP(v a ) - ^11 ll^lll l ,r r 



where = n2=i 



w 



p/pi 
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Let m > 2 and < a < ran. For given / = (fi, ■ ■ ■ , f m ), the m-linear 
fractional integral operator is denned by 

Uf){x)=I ol {fu---Jr n ){x)= I h{yi)---fm{y m ) 

y (K n)m \{x-y 1 ,...,x-y m )\ mn a 

(1-2) 

For the boundedness properties of multilinear fractional integrals on various 
function spaces, we refer the reader to [T0 l H6tiT9 l [29 l l30]. In 2009, Moen [24] 
considered the weighted norm inequalities for multilinear fractional integral op- 
erators and constructed the class of multiple Ap weights (see also [2]). 

Theorem C ([2,24 ). Let m > 2, < a < mn and I a be an m-linear fractional 
integral operator. Ifpi, . . . ,p m € (lj oo), 1/p = Y^,k=l ^/Pk an< ^ 1/? — ^/P~ a l n j 
and w = (wi, . . . , w m ) satisfy the Ap condition, then there exists a constant 

C > independent of f — (fi, . . . , f rn ) such that 

rn 

\\ I °>(f)\\L'>((v )<i) - C Ti \\M\u>i(w^)> 
i=l 

where = JlHi 

Theorem D ([2,24]). Let m > 2, < a < mn and I a be an m-linear frac- 
tional integral operator. If px, . . . ,p m <E [l,oo), min{pi, . . . ,p m } = 1, 1/p = 
SfeLi 1/Pfe an d 1/? = I/? 5 — a/n, and w — {w\, . . . ,w m ) satisfy the Ap 



P.q 



con- 



dition, then there exists a constant C > independent of f = (/1, . . . , f rn ) such 
that 

rn 

\\ ia (f)\\wLi((^)i) - c n ii-^iLfiof)' 

where = FJ™ 1 u>i- 

On the other hand, the classical Morrey spaces C p ' x were originally intro- 
duced by Morrey in [25] to study the local behavior of solutions to second 
order elliptic partial differential equations. For the boundedness of the Hardy- 
Littlewood maximal operator, the fractional integral operator and the Calderon- 
Zygmund singular integral operator on these spaces, we refer the reader to 
[Tll3"ll2"5] . For the properties and applications of classical Morrey spaces, one can 
see [SHE] an d the references therein. 

In 2009, Komori and Shirai [3D] first defined the weighted Morrey spaces 
L p ' K (w) which could be viewed as an extension of weighted Lebesgue spaces, and 
studied the boundedness of the above classical operators in Harmonic Analysis 
on these weighted spaces. Recently, in [3"TM38| . we have established the continu- 
ity properties of some other operators and their commutators on the weighted 
Morrey spaces L p ' K {w). 

The main purpose of this paper is to establish the boundedness properties of 
multilinear Calderon-Zygmund operators and multilinear fractional integrals on 
products of weighted Morrey spaces with multiple weights. We now formulate 
our main results as follows. 



3 



Theorem 1.1. Let m > 2 and T be an m-linear Calderon-Zygmund oper- 
ator. Ifpi,...,p m G (l,oo) and p G (0,oo) with 1/p = J2T=i^/Pk> an d 
w = (wi,...,W m ) G Ap with wi,...,w m G Aoo, then for any < K < 1, 
there exists a constant C > independent of f — (/i, . . . , f m ) such that 



in/1iu^)<cnil/* 



\LP-"(v&) - 11 \\-i t \\LVi- K (ivi)> 

1=1 



where v$ — 111= l 



w 



p/pi 



Theorem 1.2. Let to > 2 and T be an m-linear Calderon-Zygmund op- 
erator. Ifpi,...,p rn G [l,oo), min{pi, . . . ,p m } — 1 and p G (0, oo) with 
1/p = Y^'k=i 1 /Pk, and w = (wi, . . . , w m ) £ Ap with wi,...,w m G A^, then for 
any < k < 1, there exists a constant C > independent of f — (/i, . . . , f rn ) 
such that 



p/pi 



where = n»=i w % 

Theorem 1.3. Let m > 2, < a < mn and L a be an m-linear fractional 
integral operator. Ifpi,...,p m G (l,oo), 1/p = YJk=i 1 /Pk> Vsfc = VP* 
< i /».' /.< and 1/q = Ylk=i V?* = ^-/p — ct/n, and w = (u>i, . . . , io TO ) G Ap with 
wf 1 , . . . ,10*^ G Aqo, then for any < K < p/q, there exists a constant C > 
independent of f — (/i, . . . , / m ) suc/i f/ia£ 

m 

||-^a(/)|li9,«<l/p(( I / a )5) — ^\\_ 1 1 /» 1 1 l/PU ,«;**)' 

1=1 

w/iere i/^ = lXi=i 

Theorem 1.4. Let to > 2, < a < mn and I a be an m-linear fractional inte- 
gral operator. If p x , . . . ,p m G [1, oo), min{pi, . . . ,p m } = 1, 1/p = l /Pk, 
l/q k = 1/pk-a/mn and 1/q = Y^k=i l /lk = l/p-a/n, andw = (wi, . . . , w m ) G 
Ap with wi 1 , . . . , w!^ 1 G Aev, then for any < K < p/q. there exists a constant 

C > independent of f = (/i, . . . , f m ) such that 

m 

\\^a(f)\\wL9."ti/p((y a )t) — ^11 1 1 ^ 1 1 LJ>< -"ft "Aw. (tof* , ) ' 

i=l 

where = J]™ i 

2 Notations and definitions 

The classical A p weight theory was first introduced by Muckenhoupt in the study 
of weighted L p boundedness of Hardy-Littlewood maximal functions in [35] . A 
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weight id is a nonnegative, locally integrable function on M", B = B(x ,rB) 
denotes the ball with the center xo and radius tb- For 1 < p < oo, a weight 
function w is said to belong to A p , if there is a constant C > such that for 
every ball B C M" , 



< C, (2.1) 



where |-B| denotes the Lebesgue measure of B. For the case p — 1, w E A\, if 
there is a constant C > such that for every ball i? C K n , 



1 f 

- — - / w(x) dx < C ■ ess inf w(x) 
\B\ J B xeB 



(2.2) 



A weight function w £ Aoo if it satisfies the A p condition for some 1 < p < 
oo. We also need another weight class A Piq introduced by Muckenhoupt and 
Wheeden in [27]. A weight function w belongs to A p , q for 1 < p < q < oo if 
there is a constant C > such that for every ball B C M. n , 

k L w ^ q dx ) 1/9 {w\ L w[x) ' p ' dx ) 1/P - a (2 - 3) 

When p = 1, w is in the class A\ tq with 1 < q < oo if there is a constant C > 
such that for every ball B C R™, 

1/9 

' < C. (2.4) 



-!- f w(x) q dx) (ess sup — !— ) 



Now let us recall the definitions of multiple weights. For m exponents 
pi, . . . ,p m , we will write P for the vector P = (p%, . . . ,p rn ). Let pi, . . . ,p m € 
[l,oo) and p € (0, oo) with 1/p — 53fe=i V.Pfc- Given w = (w%, . . . , w m ), set 
u w = YiiLi w i^ Pz ■ We say that w satisfies the Ap condition if it satisfies 

/If \ 1/p m f 1 f \ 

S s p v]bi y ^w^j n (^]^| y %(^) i_p *^j <°°- (2.5) 

When pi = 1, (^gj f B Wi(xy~ Pi dx) 1 ^ 1 is understood as (inf ie s Wi(x)) 1 . 

Letpi,...,p m G [l,oo), l/p = SfcLi l/.Pfcandq > 0. Given w = (wi,...,w m ), 
set i/^ = Jir=i w i- We say that w satisfies the Ap condition if it satisfies 

S s P \\B\ J v ™( x ) qdx ) II y |^| y Wi(a;) _Pi dxj < oo. (2.6) 

When ^ = 1, (pjj f B Wi(x)~ p i dx) X ^ Vl is understood as ( inf^gs ^j(^)) 

Given a ball B and A > 0, XB denotes the ball with the same center as 
B whose radius is A times that of B. For a given weight function w and a 
measurable set E, we also denote the Lebesgue measure of E by \E\ and the 
weighted measure of E by w(E), where w(E) — J E w(x) dx. 
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Lemma 2.1 ([§])• Let w € A p with 1 < p < oo. Then, for any ball B, there 
exists an absolute constant C > such that 

w(2B) < Cw(B). 

Lemma 2.2 Q5 ). Let w G Aoo. TTiera /or aZ/ &aZZs B C M™, £/ie following 
reverse Jensen inequality holds. 

I w(x) dx < C\B\ ■ exp ( — — /" logw(x)cZx 

Lemma 2.3 ( 9 ]). Le£ w G Aqo. Then for all balls B and all measurable subsets 
E of B, there exists 8 > such that 

HE) <c (\^ s 



w{B) ~ \\B 

Lemma 2.4 ([21]). Let p x ,. . . ,p m G [1, oo) and 1/p = Y,k=i 1/Pk- Then w = 
(wi, . . . , w m ) G Ap if and only if 

{^w ^ A m p, 
w]~ Pz G A mp *,, i = l,...,m, 

where = ni^Li W ^ P ' an d the condition w\ Pi G A mp i in the case p t = 1 is 
understood as w 1 / m G Ax . 

Lemma 2.5 ([2j[24]). Lei < a < mn, Pl , . . . ,p m G [1, oo), 1/p = £™ =1 1 /Pk 
and 1/q = 1/p — a/n. Then w — (wi, . . . , w m ) G Ap if and only if 

{{ l/ w) q G A m q, 
w~ p ' G A mp /., i = l,.,.,m, 

where = J]™ i Wi. 

Given a weight function w on K™, for < p < oo, the weighted Lebesgue 
space L p (w) defined as the set of all functions / such that 

\\f\\rp M = (J \m\ p wi*)d*) ^ < °°- (2-7) 

We also denote by WL p (w) the weighted weak space consisting of all measurable 
functions / such that 

WfWwisM = SU ? A • w d x e R " : l/WI > A D 1/P < ( 2 - 8 ) 

v ' A>0 

In 2009, Komori and Shirai [20] first defined the weighted Morrey spaces 
L p,K "(w) for 1 < p < oo. In order to deal with the multilinear case m > 2, we 
shall define L p ' K (w) for all < p < oo. 
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Definition 2.6. Let < p < oo, < n < 1 and w be a weight function on R™ . 
Then the weighted Morrey space is defined by 



L^H = {/eLf »:||/|| LP ,^<oo}, 

i/p 



\LP- K (w) 

where 



and f fte supremum is taken over all balls B inW 1 . 

Definition 2.7. Let 0<p<oo,0<K<l and w be a weight function on K". 
TTien ifte weighted weak Morrey space is defined by 

WL P - K {w) = {/ measurable : \\f\\ WLP ,„ {w) < oo}, 

w/iere 

II/IIh/to «/ n = supsup — — jr , A • u>({x 6 B : I f(x)| > A)) 1 ^. 
II-' IIWLp.'-(tu) b \>ow(B) k /p Vl J; 

Furthermore, in order to deal with the fractional order case, we need to 
consider the weighted Morrey spaces with two weights. 

Definition 2.8. Let < p < oo and < k < 1. Then for two weights u and v, 
the weighted Morrey space is defined by 

L^(u,v) = {feLl c (u):\\f\\ LP ^ v) <oc}, 

where 

II/IL-k,) = s ^p j B \m\ p u{ X )dx^ 



\ i/p 



Throughout this article, we will use C to denote a positive constant, which 
is independent of the main parameters and not necessarily the same at each 
occurrence. Moreover, we will denote the conjugate exponent of p > 1 by 
P' =p/(p-l). 

3 Proofs of Theorems 1.1 and 1.2 

Before proving the main theorems of this section, we need to establish the 
following lemma. 

Lemma 3.1. Let m > 2, p\,...,p m e [l,oo) and p E (0, oo) with 1/p = 

Sl!Li l/.Pfc- Assume that w\,... ,w m G Aoo and = YiiLi w i^ Pz > then for any 
ball B, there exists a constant C > such that 

\ p/p 



P \J Wi ^ x ^ x J — ^ J v w{x)dx. 
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Proof. Since w\, . . . , w m e ^4oo, then by using Lemma 2.2, we have 

p/pi m , /If \ \ P/P* 



ft (X Wi(a;) dx ) P P " C A ' ° XP ( |5| J B bg ^ (x) ^ ) 

= eft -exp Jjogw^xf^ dx 

= C ■ {\B\)^ P/Pi ■ exp (fl^J B log^(^) p/p< ^ • 

Note that YliLiP/Pi — 1 an d ^(z) — Ili^i Wi(x) p / pi . Then by Jensen inequal- 
ity, we obtain 

^ Wi(x)dx^ <C-\B\ - exp ^ logz/^z) dxj 
< C Vjj$(x) dx. 

JB 

We are done. □ 

Proof of Theorem 1.1. For any ball B = B(x ,r B ) and let f t = /P + / f°, 

where /P = fiX2B 1 i = 1, . . . ,m and %2B denotes the characteristic function of 
2.B. Then we write 

m m 

n/*(w)=n(/?(w)+/r(w)) 

i=l i=l 

E /r(»l)"-/m m (l/m) 
ai,...,a m €{0,oo} 
m / 



i=l 



where each term of contains at least one a* 7^ 0. Since T is an m-linear 
operator, then we have 



^^ v {j B \nfu...j m ){ X )\ p ^{ X )d X ) 
^^^\jjnii.-.jM\ p ^)dx 



i/p 



i/p 



=/°+E' 



ai,...,a m 
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In view of Lemma 2.4, we have that v$ e A mp . Applying Theorem A, Lemma 
3.1 and Lemma 2.1, we get 



<rY\\\f\\ YIZ^by /k 
-°lli|/»iiip«.»( Wi )" v${By/p 

<rfriifii Mm K/p 

- °lll|/*lliPi.»( W( ) ' ^(B)«/p 



I/Pi 



i=l 

For the other terms, let us first consider the case when a\ — ■ ■ ■ = a m = oo. 
By the size condition, for any x £ we obtain 

iTtfr, ...,/~)(a;)| <C / t; l/l , (yi) ' , ' / 7 (2/m) ' d yi ---dy m 

^ J(2i+^B)^\(2iB)^ {\X-yi\ + --- + \x- y m \) mn 
1 j=l J2J + 1 B\2JB \ x Vi\ 



J 

oo m 

< 



cgnj^X+.B 1 '*' 11 *' (3 - 1) 

where we have used the notation E m = E x • • ■ x E. Furthermore, by using 
Holder's inequality, the multiple Ap condition and Lemma 3.1, we deduce that 



w i (y i ) 1 ~ p ' i dy, t ) 



oo m - , . v L/pt , - 

nr.... ,«)(.)| scEn^ OU^lAwr-fa)*.) 0u,.« 

J — J- * — - 1 - 

^ c y 1 \2^b\^ + ^ p > r\(\\f\\ w(y +1 B) K/p >) 
<rU\\f\\ ^f UT =1 M^ +1 Br^ \ 



»=i j=i 

m oo 



<^n iwW) -e^(2^) (k - i)/p - 



»=i j=i 

Since E A mp C Aoo, then it follows directly from Lemma 2.3 that 

<5 



MB) < C ( J^r ) • (3-2) 



^(2J+ 1 B) " V|2 J+1 S| 
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Hence 

<u iS (B)V-"V''\T(f?°,...,f%)(x)\ 



TOO... .,00 



<rff\\f\\ V v*{B)W 

- °11 \\JA\l^( Wi ) 2^ J y l - 7 (2J"+i J B)( 1 -«)/P 

i— 1 j — 1 v ' 

m 

< cJJ II^ILp.."^,)' 

where the last inequality holds since < k < 1 and <5 > 0. We now consider 
the case where exactly i of the a, are 00 for some 1 < t < m. We only give 
the arguments for one of these cases. The rest are similar and can easily be 
obtained from the arguments below by permuting the indices. Using the size 
condition again, we deduce that for any x G B, 



(2B)»-« [\x -yi|H V |.t - y m \) r 

m r. 

<c n / i/i(i/i)|d yj 

i=£+l "' 2B 

00 1 f 

E 107+1 nim / \fi(yi)---ft(ve)\dyi---dyt 



00 

X 

J 



c>o m 1 f . 

^ C EI1 / (3.3) 

~^ l= i 7 2 .)+iB 



and we arrived at the expression considered in the previous case. So for any 
x E B, we also have 



\T(f?,...,f!°,f? +1 ,...,&)(x)\ -^nii/iiu^-EM 2 ^) 1 



i(«-i)/p 

i=l j = l 

Therefore, by the inequality (3.2) and the above pointwise inequality, we have 

j ai ,..., am < ^ (S )(1-«)/p| T(/i 00 5 . . . ,/°o,/0 +i) _ _ .,/0 )(a;) | 



Z— 1 7 — 1 ' 
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3 = 1 



|_g| \ <5(l-«)/p 



< CjJ || /i||x,P*.«(ii>i)- 
i=l 

Combining the above estimates and then taking the supremum over all balls 
B C R n , we complete the proof of Theorem 1.1. □ 

Proof of Theorem 1.2. For any ball B = B(x ,rB) Q R n and decompose ft = 
fi + fi°' where ff — fiX2B, i = 1, . . . , m. Then for any given A > 0, we can 
write 

!/*({* €B: |T(/i,...,/ ro )| > A}) 1/p 
<^{{xeB: |T(/°,... ,/°)| > X/2 m }) 1/p + ^({x G B : |T(/f\. . . > A/2™}) 

where each term of contains at least one a, ^ 0. By Lemma 2.4 again, we 
know that v$ s A mp with 1 < mp < oo. Applying Theorem B, Lemma 3.1 and 
Lemma 2.1, we have 

C m f r \ 

^ g-n"i^(2g) K/p ' ni|,|| 

g ■ ^(2B)"/p -rj II f II 

<^!ni f .| 

- _\ 11 IU'IIlp.."^)' 

i— 1 

In the proof of Theorem 1.1, we have already showed the following pointwise 
estimate (see (3.1) and (3.3)). 

\T(f^,...J^)(x)\<Cj2U^J+Tm / \MVi)\dVi. (3.4) 

Without loss of generality, we may assume that pi = ■ ■ ■ = pe = min{pi, . . . ,p m } = 
1, and pe+i, ■ ■ ■ ,p m > 1- Using Holder's inequality the multiple Ap condition 
and Lemma 3.1, we obtain 

oo I „ m ,. 

\T(f?\...,f%r)(x)\ <C^n^+T5T / \MVi)\dVi >< II W+iW / |/i(Wi)|dWi 
^ C En^TT^ y 23+ls |/i(w)ki(w)dtfi ^ mf iB ^(y,) 



i/p 



ii 



i/pi / r \ 1 M 



X 

i=£+l 

m oo 

i=l 3 =l 

Observe that € A mp with 1 < mp < oo. Thus, it follows from the inequality 
(3.2) that for any x G B, 

\ T (fi\ ■ ■ ■ Jm m )( x )\ = C n\\fi\\LPi."( Wi ) • ^(B)(1-k)/p S ^(2i+iB)(i-«)/p 

/ \ <5(1-k)/p 



< 



c n ll/ilLw,«( Mi ) • ^(^(i-k)/^ y\2^+ i B\ 



^ c n\\fi\\LPi."( Wi ) ■ ^(s)(i-«)/p- ( 3 - 5 ) 



If {i G B : |T(/ 1 Ql ,...,/^™)(a;)| > A/2 m } = 0, then the inequality 
fttl ttm < C ■ MB) K/P jt I, f I, 



1=1 



holds trivially. Now if instead we suppose that {x E B : T^/J* 1 , . . . , fm m )( x )\ > 
A/2 m } 7^ 0, then by the pointwise inequality (3.5), we have 

A<cnn/," 



?'— 1 v 7 

which is equivalent to 

i—l 

Therefore 

Summing up all the above estimates and then taking the supremum over all 
balls B C R™ and all A > 0, we complete the proof of Theorem 1.2. □ 

By using Holder's inequality, it is easy to check that if each Wi is in A Pi , 
then 

m 

c a p- 

i=l 

and this inclusion is strict (see [21]). Thus, as direct consequences of Theorems 
1.1 and 1.2, we immediately obtain the following 
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Corollary 3.2. Let m > 2 and T be an m-linear Calderon-Zygmund oper- 
ator. Ifpi,...,p m G (l,oo) and p G (0, 00) with 1/p = Y^k=i^-/Pk, and 
w = (wi, . . . ,w m ) € nUi^P.' ^en for any < K < 1, there exists a con- 
stant C > independent of f — (/1, . . . , f m ) such that 

m 

ii r (/)iiLP.»(^) - ii^iLfi."^)' 

i=l 

w/iere 1^ = fT™ 1 /pi . 

Corollary 3.3. Let m > 2 and T &e an m-linear Calderon-Zygmund op- 
erator. Ifpi,...,p m G [l,oo), min{pi, . . . ,p m } = 1 and p G (0, 00) wii/i 
1/p = YX=i 1/Pk, an d w = (wi, . . . , tu m ) e Ilili A>«> </lerl f or an V < k < 1, 
iftere exzsis a constant C > independent of f = (/1, . . . , / m ) suc/i ifcai 

1=1 

w/iere z/^ = J]™ 1 /p * . 



4 Proofs of Theorems 1.3 and 1.4 

Following along the same lines as that of Lemma 3.1, we can also show the 
following result, which plays an important role in our proofs of Theorems 1.3 
and 1.4. 

Lemma 4.1. Let m > 2, qi,...,q m G [l,oo) and q G (0, oo) with l/q = 
Sl!Li l/ *;- Assume that wf 1 , . . . , G and = w i; ifterc / or an 3/ 

ball B, there exists a constant C > swc« that 

m / r \ 9/9; /■ 

Proof of Theorem 1.3. Arguing as in the proof of Theorem 1.1, fix a ball B = 
B(x , r B ) C K" and decompose = ff + /°°, where /P = /,X2B, i = 1, . . . , m. 
Since J a is an m-linear operator, then we have 



v i^ B ylv {j R \l a (fi,---,fm)(x)\ q ^(x) q dx S j 

-^m^ iL |/a(/i °' • • • ' f ™)(*)\ q ^) q <**) 



1/9 



1/9 



13 



where each term of contains at least one a, ^ 0. In view of Lemma 2.5, we 
can see that {vw) q £ A mq . Using Theorem C, Lemma 4.1 and Lemma 2.1, we 
get 

i m / r \ !/P» 

j0 ^-^5jwn(/„l*WI"«W"*) 

<r .fTii,ii nrii"f(2fi)-« / ' , «- 

- ° 11 ll-'«lll,P«.''Pi9/P9»(«,f i ,u,« < ) 9 (B) K /P 

i=l i"V 7 



^ n iU i iiLPi>' c ! : 'i9/p'Ji( 



/ / \ K /p 



vKB) k /p 

™ „ „ zA(2BWp 

- ^ 11 lK l llL!>.>' c !>.9/P'J.(>f*.i«:'*) v 1 (B)k/ P 

i=\ w\ ) 

rn 

- ^11 I|/*IIi,p<. "Pii/pn(w p i i ,w^y 

For the other terms, let us first deal with the case when ol\ = ■ ■ ■ = a rn = oo. 
By the definition of I ai for any x 6 B, we obtain 

\l a (f?,...J™)(x)\ = / t; dyi---dy m 

1 Vl " / »^ V ^ J {Mn)mX{2B)m (\ X - yi \ + ... + \ X -y m \)mn-a 

^iJ(2^B)m\ i2 iB)m {\x - 2/1 1 H h |.t - y m |) m "- Q 2/1 



oo m 



oo m 



<^En 

Moreover, by using Holder's inequality, the multiple Ap condition and Lemma 
4.1, we deduce that 

oo m * - si 

I j a (/r, . . . , /~x*)| < II (X +1B l/^r^r 



2i + 1 B 

~ i | 2 i+i S |5+Er=i(i-^-) 

- C L | 2 J + lS|m-a/n I/l(2J + 1 B) 1 /9 
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m 

n (}\f i \\LK^v l 'i/p«i(w i ?\w^) w t(? i: ' +iB ) 9/p9 *) 

(n™i^(2 j+l s)^ 



i=l 

ft/p 



< CjJ 1 1 /* 1 1 z,f i i (xuf < , w?* ) ' X! 
i=l * * j=l 



i/«(2i+iB)V9 



»=i * * j=i 

Since (j^u) 9 £ A m( j C Aoo, then it follows immediately from Lemma 2.3 that 

<c ( \b\ V (42) 

Hence 

JO c,...,oc < ^ (b) 1/ 9 - K /p| /q(/ oO ; .^oo)^)! 

<rTTII/ll v 4(£) 1/Wp 

- ° 11 ll^llLPi^Pi'/P^^fSw, 9 *) I /«(2J+ 1 i3) :L / < ?~ K /P 

m °° / \B\ \ s ' ( - 1 / q ^ K / p ^ 

< C JJ 1 1 /* 1 1 £,Pi ,«Pi«/p«i (^f t w fi) ' X! ( |Oj+l R| ) 



— ^IT ll-^lll,Pi.~Pi<!/P9i(j(;f i ,w qi y 



fri\\v +1 B\J 



where in the last inequality we have used the fact that < n < p/q and 5' > 0. 
We now consider the case where exactly t of the a, arc oo for some 1 < I < in. 
We only give the arguments for one of these cases. The rest are similar and can 
easily be obtained from the arguments below by permuting the indices. Using 
the definition of I a again, we can see that for any x G B, 

f f ■■■fm(y m ) I 7 7 

J(R»y\(2ByJ(2B)™-' (F - 2/i I + • • • + F - 2/m|) m " Q 

<<? n / 1 1 ^ 



x H lo.+iDim-aM / ■■■feiVi) \dyi 

- C MM lMyi)l dVi x S 

00 m ^ „ 

^ziipTi^ L + J Mvi) \ dyi ' 

3 — 1 * — 1 

(4.3) 
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and we arrived at the expression considered in the previous case. Thus, for any 
x G B, we also have 



\la(fi°i • ■ • ! //°) /e+i) • • • i /m)( x )| - ^11 l|/j|Lpi.~Pi9/p9i(u)f i ,iu? i ^( 2,5+1 -^) 



. n/p-l/q 

Therefore, by the inequality (4.2) and the above pointwise inequality, we obtain 



J" 1 '-'"™ < "U B ) 1/q ~ K/P \ I Ml°, • • ■ > /~, /i+l, ■ • ■ , /£)(*)| 
i=l 7=1 ™ v ; 



oo 



— ll^lLp.'' c P.'!/P9i(li)f I ,tU l 5i ) ' ( |2J + 1 B\ ) 



< C JJ ||/»||l,Pi,«P 4 «/p9 4 ( ll ,Pi ,„,«<)• 
1=1 

Summarizing the estimates derived above and then taking the supremum over 
all balls B C K", we finish the proof of Theorem 1.3. □ 

Proof of Theorem 1.4- As before, fix a ball B = B(x ,rB) C R™ and split /j 
into /j = ff + /f°, where /f = fiX2B, i = 1, ■ ■ ■ ,m. Then for each fixed A > 0, 
we can write 

,t({xeB:|/ Q (/i,..J m )|>A}) 1/5 
<u%{{x £ B : |l Q (/°, . . . , a\ > \/2™}) 1/q + „%({x G B : |l Q (/f V . . )| > A/2™}) 1/9 



where each term of contains at least one ^ 0. By Lemma 2.5 again, we 
know that (zab) 9 £ A mg with 1 < mq < oo. Using Theorem D, Lemma 4.1 and 
Lemma 2.1, we have 



j *° ^ x n (y 2J3 i/i(^)i pi ^(^) pi ^ 

< g-n^i^(2gr /Mi fr|| f || 

— ^ 11 ll-''lll,Pi^P«9/P«i(u)* >i ,-u;^) 

i=l 

— ^ 11 1 1 * 1 1 if* (*uf * ,iwf* ) 

i—1 

c ■ v q JBy/p ™ „ „ 

— _\ 11 \\ Jl \\LPi'KPi<'/PH( w P\ w Qi)- 

i=l 
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In the proof of Theorem 1.3, we have already proved the following pointwise 
estimate (see (4.1) and (4.3)). 

oo m „ 
| IM? 1 fZT){x)\ < C II \ 2j+ l B \l- a /mn J^JfiW**- ^ 

Without loss of generality, we may assume that pi = ■ ■ ■ = pe = min{pi, . . . ,p m } - 
1, and pe+i, . . . ,p m > 1. By using Holder's inequality, the multiple Ap condi- 
tion and Lemma 4.1, we obtain 



oo £ 



|/ a (/P, . . . , f%r)(x)\ <C^U ^B V - a/mn j 2]+iB \fi{Vi)\dVi 

j — 1 i — 1 

m 1 f 

x U {2j+ i Bl i- a/m n J 2j+1B \Mv*)\ d y* 
< c TJl l2J+ i Bl i- a/mn J 2j+1B \fi(yi)h(yi)d yi {^gt^Mvi) 
ft \2^bI-^ (l + jMy>TMy*rdy^ 7 (J 2j+iB Mm) 



i=£+l 



»=1 j=l 



Note that {v^) q e A mq with 1 < mq < oo. Hence, it follows from the inequality 
(4.2) that for any x £ B, 

TTII 1 ^ ^(-B) 1/9_k/p 



«Pi«/P9i( w f< ,„,»*) ^9 ( B y/ q - K / P Z_, „9 (2i+iB)i/9-«/p 

- l|/»lll,Pi."Pi<!/P<Ii(M, P i ,«,»*) ' (iJ)l/9-«/P X] ^ |2J + 1 S| / 

m ^ 

- C il l|/*lll,P«.'«Pi<!/P9«(«, P i |U ,«i) • ^l^y/q-K/p ■ ( 4 - 5 ) 

If {x e B : \l a (fi\- ■ -J%r)( x )\ > -V 2 " 1 } = 0, then the inequality 

C ■ v1(B) k /p £r „ „ 

J * - ^ 11 H-'*llLP<."P<9/P«<(i l ,f< ,«;«<) 

i=l 

holds trivially. Now if instead we assume that {x G B : \l a (f" 1 , . . . , f" l m ){x)\ > 
A/2 m } 7^ 0, then by the pointwise inequality (4.5), we get 
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which in turn gives that 



S(E)V<< C -''* {B)K/P f\\\f\\ 

V w\ a > - ^ 1 1 1 1 1 1 «/P«i ( w '?> ,„,«< ) ■ 



Therefore 



^ 11 1 1 •> 1 1 1 L« («;?' , ) ' 



i=l 



Collecting all the above estimates and then taking the supremum over all balls 
B C R™ and all A > 0, we conclude the proof of Theorem 1.4. □ 

By using Holder's inequality, it is easy to verify that if 1 < pi < q t , 1/q — 
SfeLi VSfc an d each u>j is in ^4 Pi , gi , then we have 



U ^Pi.gi c Ap q . 

i=l 

and this inclusion is strict (see [24]) .Also recall that w G A VA if and only if w q G 
A 1+q / p , C A^see [27] ). Thus, as straightforward consequences of Theorems 
1.3 and 1.4, we finally obtain the following 

Corollary 4.2. Let m > 2, < a < mn and I a be an m-linear fractional 
integral operator. If pi, ...,p m e (l,oo), 1/p = J2k=i 1 /Pk, 1/qk = l/pk-a/mn 
and 1/q = J2k=i^/^k = 1/p — a/n, and w = (wi,...,w m ) G T\iLiA Pi ^, 
then for any < K < p/q, there exists a constant C > independent of f = 
(/l, ■ ■ • ,/m) such that 

m 

||^a(/)|li8.~<f/»(( I/a )«) - ^11 1 1 /« 1 1 .»*>« */*«< (tuf ,w«< ) ' 

w/iere ^ = nl=i 

Corollary 4.3. Let m > 2, < a < mn and 7 a &e an m-linear fractional in- 
tegral operator. Ifpi, . . . ,p m € [1, oo), min{pi, . . . ,p m } = 1, 1/p = YX=l l /Pk, 
Vtffc = l/Pk-a/mn and 1/q = J]™=i V?k = l/p-a/n, anduJ = (u)i,.. . , iu m ) G 
nl=i A-p it q i; then for any < k < p/q, there exists a constant C > indepen- 
dent of f = (/i, . . . , / m ) smc/i £/ia£ 

m 

l|^«(/)|lwi«-"«/l'((«/a) 1 ) — ^11 l|/i|ll,P<.»P«/P« ,„;«< ) ' 

i=l 
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